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a b s t r a c t
Agbeko (1986) [5] proved some concave function inequalities for sub-(super-)martingales.
Christofides (2003) [3] obtained some maximal inequalities for concave Young functions
for N-demimartingales. In this paper, we will further extend these results to the cases of
demimartingales and N-demimartingales. Our results also generalize and improve partial
results of Wang et al. (2010, 2011) [6,7].
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
First, we will recall the definitions of demimartingale and N-demimartingale.
Definition 1.1. Let S1, S2, . . . be an L1 sequence of random variables. Assume that for j = 1, 2, . . .
E{(Sj+1 − Sj)f (S1, . . . , Sj)} ≥ 0 (1.1)
for all coordinatewise nondecreasing functions f such that the expectation is defined. Then {Sj, j ≥ 1} is called a
demimartingale. If in addition the function f is assumed to be nonnegative, then the sequence {Sj, j ≥ 1} is called a
demisubmartingale.
Definition 1.2. Let S1, S2, . . . be an L1 sequence of random variables. Assume that for j = 1, 2, . . .
E{(Sj+1 − Sj)f (S1, . . . , Sj)} ≤ 0 (1.2)
for all coordinatewise nondecreasing functions f such that the expectation is defined. Then {Sj, j ≥ 1} is called an
N-demimartingale. If in addition the function f is assumed to be nonnegative, then the sequence {Sj, j ≥ 1} is called an
N-demisupermartingale.
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The concept of demimartingale and demisubmartingale was introduced by Newman and Wright [1] and the notion of
N-demimartingale (termed earlier as negative demimartingales in [2]) andN-demisupermartingale was introduced in [2,3].
It is easily seen that if the function f is not required to be nondecreasing, then (1.1) is equivalent to the condition
that {Sj, j ≥ 1} is a martingale with the natural choice of σ -fields. Similarly, if f is assumed to be nonnegative and not
necessarily nondecreasing, then (1.1) is equivalent to the condition that {Sj, j ≥ 1} is a submartingalewith the natural choice
of σ -fields. A martingale with the natural choice of σ -fields is a demimartingale as well as an N-demimartingale since it
satisfies (1.1) as well as (1.2). It can be checked that a submartingale is a demisubmartingale and a supermartingale is an
N-demisupermartingale. However there are stochastic processes which are demimartingales but not martingales with
respect to the natural choice of σ -fields (c.f. [4]). So it is very interesting to study the probability limit theory of
demimartingale and N-demimartingale.
Let φ be a right continuous decreasing function on (0,∞)which satisfies the condition
φ(∞) .= lim
t→∞φ(t) = 0.
Assume further that φ is also integrable with respect to the Lebesgue measure on any finite interval (0, x). Let
Φ(x) =
 x
0
φ(t)dt, x ≥ 0.
Then the functionΦ(x) is a nonnegative increasing concave function such thatΦ(0) = 0. Further assume thatΦ(∞) = ∞.
ThenΦ(x) is called a concave Young function.
For more details and properties of concave Young functions, one can refer to [5]. An example of such a function is
Φ(x) = xp, 0 < p < 1. Agbeko [5] obtained the following maximal inequality based on the class of concave Young functions.
Theorem 1.1. Let Φ(x) be a concave Young function. Denote
ξ(x) = Φ(x)− xφ(x).
Then for any nonnegative submartingale (Xn,Fn), we have
(i) Eξ

max1≤k≤n Xk
 ≤ CΦ(1+ EXn)
for some positive constant CΦ depending only onΦ .
(ii) The inequality
(1− b)EΦ

max
1≤k≤n
Xk

− a ≤ Eξ

max
1≤k≤n
Xk

is valid for some constants a ≥ 0 and 0 < b < 1 if and only if
lim sup
x→∞
xφ(x)
Φ(x)
< 1. (1.3)
(iii) If (1.3) holds true, then
EΦ

max
1≤k≤n
Sk

≤ CΦ(1+ EXn)
for some positive constant CΦ depending only onΦ .
Inspired by Agbeko [5], Christofides [3] obtained some maximal inequalities for concave Young functions for N-
demimartingales. Our goal in this paper is to further extend these results to demimartingales and N-demimartingales based
on the classes of concave Young functions. Our results also generalize and improve partial results of [6,7].
The paper is organized as follows.Maximal inequalities for demimartingales based on the class of concave Young functions
are provided in Section 2 andmaximal inequalities for N-demimartingales based on the class of concave Young functions are
presented in Section 3. The techniques used in the paper are inspired by Agbeko [5]. Wemake the use of maximal inequality
for demimartingales and N-demimartingales in place of the maximal inequality for nonnegative submartingales.
Throughout the paper, let S1, S2, . . . , Si, . . . denote a sequence of random variables defined on a fixed probability space
(Ω,F , P). X+ .= max(X, 0), S0 .= 0 and a ∨ b .= max(a, b). I(A) is an indicator function of set A.
2. Maximal inequalities for demimartingales based on the class of concave Young functions
Chow [8] proved a maximal inequality for submartingales. Newman and Wright [1] extended the Doob type maximal
inequality and the upcrossing inequality to the case of demimartingales, and pointed out that the partial sumof a sequence of
mean zero associated random variables is a demimartingale. Christofides [9] showed that the Chow typemaximal inequality
for (sub)martingales can be extended to the case of demi(sub)martingales. Christofides [10] constructed some U-statistics
based on associated random variables and proved it to be a demimartingale. Wang [11] obtained Doob type inequality
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for more general demimartingales. Prakasa Rao [12] established some maximal inequalities for demisubmartingales.
Hu et al. [13] gave a strong law of large numbers and growth rate for demimartingales. Wang et al. [6] further study the
maximal inequality and strong law of large numbers for demimartingales. Hu et al. [14] investigated the Marshall type
inequalities for demimartingales. Christofides and Hadjikyriakou [15] provided somemaximal andmoment inequalities for
demimartingales, and so forth. Formore details about demimartingales, one can refer to [16]. In this section, wewill present
somemaximal inequalities for demimartingales based on the class of concave Young functions, which generalize and improve
partial results of Wang et al. [6].
Our results are based on the following maximal inequality for demimartingales obtained by Wang [11].
Lemma 2.1 (C.f. [11, Theorem 2.1]). Let {Sn, n ≥ 1} be a demimartingale and g be a nonnegative convex function on R with
g(0) = 0 and g(Si) ∈ L1, i ≥ 1. Let {ck, k ≥ 1} be a nonincreasing sequence of positive numbers. Then for any ε > 0,
εP

max
1≤k≤n
ckg(Sk) ≥ ε

≤
n
j=1
cjE

(g(Sj)− g(Sj−1))I

max
1≤k≤n
ckg(Sk) ≥ ε

. (2.1)
Our result is as follows.
Theorem 2.1. Suppose that the conditions of Lemma 2.1 are satisfied. Let Φ(x) be a concave Young function. Denote ξ(x) =
Φ(x)− xφ(x) and
Smaxn = max1≤k≤n ckg(Sk), Tn =
n
j=1
cj(g(Sj)− g(Sj−1)), n ≥ 1.
Then, we have
(i)
Eξ

Smaxn
 ≤ inf
x0>0
[ξ(x0)+ φ(x0)ETn] . (2.2)
(ii) The inequality
(1− b)EΦ Smaxn − a ≤ Eξ Smaxn  (2.3)
is valid for some constants a ≥ 0 and 0 < b < 1 if and only if (1.3) holds true.
(iii) If (1.3) holds true, then
EΦ

Smaxn
 ≤ CΦ 1+ inf
x0>0
[ξ(x0)+ φ(x0)ETn]

(2.4)
for some positive constant CΦ depending only onΦ .
Proof. Lemma 2.1 implies that
xP

Smaxn ≥ x
 ≤ ETnI Smaxn ≥ x , x > 0,
which we shall integrate on [x0,∞), x0 > 0, with respect to the measure d (−φ(x)). It follows from the Fubini theorem that
E
 Smaxn ∨x0
x0
xd (−φ(x))

≤ E

Tn
 Smaxn ∨x0
x0
d (−φ(x))

= −E Tnφ(Smaxn ∨ x0)+ φ(x0)ETn
≤ φ(x0)ETn. (2.5)
The last inequality follows from the fact that Tnφ(Smaxn ∨ x0) ≥ 0. Integrating by parts, we obtain by the notation of ξ that
E
 Smaxn ∨x0
x0
xd (−φ(x))

= x0φ(x0)− E

Smaxn ∨ x0

φ

Smaxn ∨ x0
+ E  Smaxn ∨x0
x0
φ(x)dx

= x0φ(x0)− E

Smaxn ∨ x0

φ

Smaxn ∨ x0
+ EΦ Smaxn ∨ x0− Φ(x0)
= Eξ Smaxn ∨ x0− ξ(x0). (2.6)
Combining (2.5) and (2.6), we can get that
Eξ

Smaxn ∨ x0
 ≤ ξ(x0)+ φ(x0)ETn. (2.7)
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It is easy to check that the function ξ(x) = Φ(x)− xφ(x) is increasing for x > 0. Thus, we have by (2.7) that
Eξ

Smaxn
 ≤ Eξ Smaxn ∨ x0 ≤ ξ(x0)+ φ(x0)ETn.
The desired result (2.2) follows from the inequality above immediately.
We notice that the proof of (ii) of Theorem 2.1 is similar to the one done for (ii) of Theorem 1.1.
Finally, the validity of inequality (2.4) follows from (ii) of Theorem 2.1 and the inequality (2.2). This completes the proof
of the theorem. 
Corollary 2.1. Suppose that the conditions of Theorem 2.1 are satisfied. Then for any 0 < p < 1,
E

Smaxn
p ≤ 1
1− p (ETn)
p . (2.8)
Proof. TakingΦ(x) = xp, 0 < p < 1, we have
φ(x) = pxp−1, ξ(x) = Φ(x)− xφ(x) = (1− p)xp.
Therefore, we have by (2.2) that
E

Smaxn
p ≤ inf
x0>0

xp0 +
pxp−10
1− pETn

. (2.9)
The right-hand side of (2.9) isminimized at x0 = ETn. Hence, the desired result (2.8) can be easily obtained by taking x0 = ETn
in the right-hand side of (2.9). 
If ck ≡ 1 for each k ≥ 1 in Corollary 2.1, we can get the following result.
Corollary 2.2. Suppose that the conditions of Corollary 2.1 are satisfied with ck ≡ 1 for each k ≥ 1. Then
E

max
1≤k≤n
g(Sk)
p
≤ 1
1− p (Eg(Sn))
p . (2.10)
If we take g(x) = |x| in Corollary 2.2, then we have the following corollary.
Corollary 2.3. Let {Sn, n ≥ 1} be a demimartingale. Then for any 0 < p < 1,
E

max
1≤k≤n
|Sk|
p
≤ 1
1− p (E|Sn|)
p . (2.11)
Remark 2.1. If we take x0 = cnEg(Sn) in the right-hand side of (2.9), then we can obtain that
E

Smaxn
p ≤ (cnEg(Sn))p−1 cnEg(Sn)+ p1− p
n
j=1
cjE(g(Sj)− g(Sj−1))

, (2.12)
which is the inequality (2.22) of [6]. By the process of the proof of Corollary 2.1, we can see that
inf
x0>0

xp0 +
pxp−10
1− pETn

= 1
1− p (ETn)
p
≤ (cnEg(Sn))p−1

cnEg(Sn)+ p1− p
n
j=1
cjE(g(Sj)− g(Sj−1))

.
If ETn ≠ cnEg(Sn), then we can get
1
1− p (ETn)
p < (cnEg(Sn))p−1

cnEg(Sn)+ p1− p
n
j=1
cjE(g(Sj)− g(Sj−1))

.
It can be seen that the result (2.10) is the inequality (2.25) of [6].
If we assume that {Sn, n ≥ 1} is a nonnegative demimartingale, then (2.11) implies that
E

max
1≤k≤n
Sk
p
≤ 1
1− p (ESn)
p , (2.13)
which is Theorem 2.11 of [6].
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Additionally, in Theorem 2.8 and Corollary 2.9 of [6], they assumed that g is nondecreasing. But in Theorem 2.1 here, this
assumption is not needed.
Therefore, our Theorem 2.1 generalizes and improves the results of Theorems 2.8, 2.11 and Corollary 2.9 of [6].
In the following, we will continue to study the estimate for EΦ

Smaxn

under a different assumption from (2.4).
Theorem 2.2. Suppose that the conditions of Lemma 2.1 are satisfied. Denote Smaxn = max1≤k≤n ckg(Sk). Let Φ(x) be a concave
Young function and suppose that ∞
1
φ(t)
t
dt = Cφ <∞, (2.14)
where Cφ is a positive constant depending only on φ, then
EΦ

Smaxn
 ≤ Φ(1)+ Cφ n
j=1
cjE(g(Sj)− g(Sj−1)). (2.15)
Proof. Lemma 2.1 implies that
xP

Smaxn ≥ x
 ≤ n
j=1
cjE

(g(Sj)− g(Sj−1))I

Smaxn ≥ x

, x > 0, (2.16)
which we shall integrate on [1,∞), with respect to the measure generated by the increasing function  x1 φ(t)t dt , x ≥ 1. It
follows from Fubini theorem and (2.16) that ∞
1
P

Smaxn ≥ x

φ(x)dx ≤
n
j=1
cj
 ∞
1
E

(g(Sj)− g(Sj−1))I

Smaxn ≥ x
 φ(x)
x
dx
=
n
j=1
cjE

(g(Sj)− g(Sj−1))
 Smaxn ∨1
1
φ(x)
x
dx

=
n−1
j=1
(cj − cj+1)E

g(Sj)
 Smaxn ∨1
1
φ(x)
x
dx

+ cnE

g(Sn)
 Smaxn ∨1
1
φ(x)
x
dx

≤ Cφ
n−1
j=1
(cj − cj+1)Eg(Sj)+ CφcnEg(Sn)
= Cφ
n
j=1
cjE(g(Sj)− g(Sj−1)). (2.17)
On the other hand, it follows from the Fubini theorem again that ∞
1
P

Smaxn ≥ x

φ(x)dx = E
 Smaxn ∨1
1
φ(x)dx

= EΦ Smaxn ∨ 1− Φ(1)
≥ EΦ Smaxn − Φ(1). (2.18)
Together with (2.17) and (2.18), we can get the desired result (2.15) immediately. This completes the proof of the
theorem. 
Remark 2.2. If we take Φ(x) = xp, 0 < p < 1 in Theorem 2.2, then we have φ(x) = pxp−1 and Cφ =
∞
1
φ(t)
t dt = p1−p .
Therefore, (2.15) implies that
E

Smaxn
p ≤ 1+ p
1− p
n
j=1
cjE(g(Sj)− g(Sj−1)). (2.19)
Furthermore, if we set ck ≡ 1 for each k ≥ 1, then we have
E

max
1≤k≤n
g(Sk)
p
≤ 1+ p
1− pEg(Sn). (2.20)
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3. Maximal inequalities for N-demimartingales based on the class of concave Young functions
Christofides [3] established some maximal inequalities and proved that a sequence of partial sums of mean zero nega-
tively associated randomvariables is anN-demimartingale. Prakasa Rao [17] obtained the Chow typemaximal inequality for
N-demimartingales. Prakasa Rao [12] gave some maximal inequalities for N-demisupermartingales. Christofides and Had-
jikyriakou [18] proved Azuma’s inequality forN-demimartingales. Hadjikyriakou [19] studied theMarcinkiewicz–Zygmund
inequality and complete convergence for nonnegative N-demimartingales. Wang et al. [7] established some maximal
inequalities for N-demimartingales and obtained the strong law of large numbers, strong growth rate and the integrability
of supremum for N-demimartingales. Hu et al. [14] studied the convex function type inequalities for N-demimartingales.
Christofides and Hadjikyriakou [15] provided somemaximal and moment inequalities for N-demimartingales, and so forth.
Also inspired by Agbeko [5], we will provide a similar result for N-demimartingales by using the Chow type maximal
inequality for N-demimartingales obtained by Prakasa Rao [17], which generalizes and improves the results of Theorem 2.4
and Corollary 2.2 of [7]. Our result is as follows.
Theorem 3.1. Let {Sn, n ≥ 1} be an N-demimartingale, g(·) be a nonnegative function on R with g(0) = 0 and suppose that
g(x)− g(y) ≥ (y− x)h(y) (3.1)
for all x, y, where h(·) is a nonnegative and nondecreasing function. Let {ck, k ≥ 1} be a nonincreasing sequence of positive
numbers andΦ(x) be a concave Young function. Denote ξ(x) = Φ(x)− xφ(x) and
Smaxn = max1≤k≤n ckg(Sk), Tn =
n
j=1
cj(g(Sj)− g(Sj−1)), n ≥ 1.
Then (i)–(iii) of Theorem 2.1 hold true.
Proof. The proof is similar to that of Theorem 2.1, except that in place of the maximal inequality for demimartingales
(Lemma 2.1 in Section 2) we make use of the maximal inequality for N-demimartingales (Corollary 1.1 of [7]). 
Similarly, we have the following Corollaries 3.1–3.2.
Corollary 3.1. Suppose that the conditions of Theorem 3.1 are satisfied. Then for any 0 < p < 1,
E

Smaxn
p ≤ 1
1− p (ETn)
p . (3.2)
Corollary 3.2. Suppose that the conditions of Corollary 3.1 are satisfied with ck ≡ 1 for each k ≥ 1. Then
E

max
1≤k≤n
g(Sk)
p
≤ 1
1− p (Eg(Sn))
p . (3.3)
Remark 3.1. Similar to Remark 2.1, we can see that for N-demimartingale {Sn, n ≥ 1},
inf
x0>0

xp0 +
pxp−10
1− pETn

= 1
1− p (ETn)
p
≤ (cnEg(Sn))p−1

cnEg(Sn)+ p1− p
n
j=1
cjE(g(Sj)− g(Sj−1))

.
If ETn ≠ cnEg(Sn), then we can get
1
1− p (ETn)
p < (cnEg(Sn))p−1

cnEg(Sn)+ p1− p
n
j=1
cjE(g(Sj)− g(Sj−1))

.
The right-hand side of the inequality above is the inequality (2.19) of [7]. In addition, the result (3.3) is the inequality (2.20)
of [7]. Therefore, Theorem 3.1 generalizes and improves the results of Theorem 2.4 and Corollary 2.2 of [7].
Acknowledgments
The authors are very grateful to the Editor-in-Chief Goong Chen and anonymous referees for careful reading of the
manuscript and valuable suggestions which helped in significantly improving an earlier version of this paper.
440 X. Wang et al. / J. Math. Anal. Appl. 396 (2012) 434–440
References
[1] C.M. Newman, A.L. Wright, Associated random variables and martingale inequalities, Z. Wahrscheinlichkeitstheor. Verwandte Geb. 59 (3) (1982)
361–371.
[2] B.L.S. Prakasa Rao, 2002, Negatively associated random variables and inequalities for negative demisubmartingales, Indian Statistical Institute, New
Delhi, Preprint.
[3] T.C. Christofides, Maximal inequalities for N-demimartingales, Arch. Inequal. Appl. 50 (1) (2003) 397–408.
[4] T.E. Wood, 1984, Ph.D. Thesis, University of Virginia.
[5] N.K. Agbeko, Concave function inequalities for sub-(super-)martingales, Ann. Univ. Sci. Budapest, Sect. Math. 29 (1986) 9–17.
[6] X.J. Wang, S.H. Hu, T. Zhao, W.Z. Yang, Doob’s type inequality and strong law of large numbers for demimartingales, J. Inequal. Appl. 2010 (2010) 11.
Article ID 838301.
[7] X.J. Wang, S.H. Hu, B.L.S. Prakasa Rao, W.Z. Yang, Maximal inequalities for N-demimartingale and strong law of large numbers, Statist. Probab. Lett.
81 (9) (2011) 1348–1353.
[8] Y.S. Chow, A martingale inequality and the law of large numbers, Proc. Amer. Math. Soc. 11 (1) (1960) 107–111.
[9] T.C. Christofides, Maximal inequalities for demimartingale and a strong law of large numbers, Statist. Probab. Lett. 50 (4) (2000) 357–363.
[10] T.C. Christofides, U-statistics on associated random variables, J. Statist. Plann. Inference 119 (2004) 1–15.
[11] J.F. Wang, Maximal inequalities for associated random variables and demimartingales, Statist. Probab. Lett. 66 (3) (2004) 347–354.
[12] B.L.S. Prakasa Rao, On some maximal inequalities for demisubmartingales and N-demisuper-martingales, J. Inequal. Pure Appl. Math. 8 (4) (2007) 17.
Article 112.
[13] S.H. Hu, G.J. Chen, X.J. Wang, On extending the Brunk–Prokhorov strong law of large numbers for martingale differences, Statist. Probab. Lett. 78 (18)
(2008) 3187–3194.
[14] S.H. Hu, X.H. Wang, W.Z. Yang, X.J. Wang, Some inequalities for demimartingales and N-demimartingales, Statist. Probab. Lett. 82 (2012) 232–239.
[15] T.C. Christofides, M. Hadjikyriakou, Maximal and moment inequalities for demimartingales and N-demimartingales, Statist. Probab. Lett. 82 (2012)
683–691.
[16] B.L.S. Prakasa Rao, Associated Sequences, Demimartingales and Nonparametric Inference, Birkhäuser, Springer, Basel, 2012.
[17] B.L.S. Prakasa Rao, On some inequalities for N-demimartingales, J. Indian Soc. Agricultural Statist. 57 (2004) 208–216.
[18] T.C. Christofides, M. Hadjikyriakou, Exponential inequalities for N-demimartingales and negatively associated random variables, Statist. Probab. Lett.
79 (2009) 2060–2065.
[19] M. Hadjikyriakou, Marcinkiewicz–Zygmund inequality for nonnegative N-demimartingales and related results, Statist. Probab. Lett. 81 (2011)
678–684.
